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ral networks [17] , [22] , switched systems [47] , network control systems [14] , etc. Therefore, many control issues of T-S fuzzy systems have been investigated, such as the fundamental problems of stability analysis and stabilization [6] , [23] , [36] , reliable control strategies [44] , H ∞ control design [1] , and fault detection and fault estimation observer design [15] , [29] , [46] . As a major concern and fundamental problem in the area, stability analysis has, to date, been extensively studied whereas most of results are obtained via quadratic Lyapunov function approach. It is also noted that a linear matrix inequality (LMI)-based formulation of the stability problem is preferred in the literature, since the inherent flexibility of the LMI conditions facilitates the investigation of control synthesis problems, for T-S fuzzy systems [28] . In these methods, a numerical solution is efficiently obtained by convex optimization techniques such as the interior point method. Although LMI-based approaches have been successful, there is still a serious problem in that the results obtained via LMIs are quite conservative. Therefore, studies on less conservative criteria have been widely conducted, and some improvements have been made on the basis of various approaches, such as different types of Lyapunov function [4] , [42] , [43] . Generally speaking, most existing stability conditions of T-S fuzzy systems can be divided into two categories: membership-independent conditions and membershipdependent conditions.
For the derivations of membership-independent stability criteria for T-S fuzzy systems, the common Lyapunov function approach is naturally adopted; see, for example, [42] , and further relaxed conditions are obtained in [41] . However, to find a common matrix that satisfies all Lyapunov inequalities is rather conservative, if not impossible in practice. Hence, several other methods have been developed to relax those stability conditions, among which, piecewise Lyapunov function [16] and fuzzy Lyapunov function [38] (different nomenclatures in the literature, such as nonquadratic Lyapunov function [4] , basis-dependent Lyapunov function [48] , and weighting dependent Lyapunov function [43] ) have been well recognized to be effective. Using fuzzy Lyapunov functions, membership-independent conditions have been proposed in [4] . The fuzzy Lyapunov function, unlike piecewise Lyapunov function approach, consists of a fuzzy blending of multiple Lyapunov functions, which is therefore smooth and can avoid the nonconvex problems in the controller design. However, the serious drawback of the fuzzy Lyapunov function approach is that the time derivatives of membership functions will appear in the stability analysis [32] . To overcome this problem, a line-integral Lyapunov function is proposed in [32] , where the Lyapunov function is formulated to be a line integral of a fuzzy vector along a path from the origin to the current state. Then, by introducing slack matrix variables into the LMI conditions of [32] , less conservative membership-independent conditions are obtained in [25] . Other extensions of [32] can be found in [11] and references therein. Recently, by employing a polynomial Lyapunov function (but only in system state x(t)), new membership-independent conditions in sum of squares (SOS) formulation are proposed in [39] and [40] , and it is interesting that the conservativeness of their conditions can be reduced with the growth of the degree of x(t) in the constructed Lyapunov function.
On the other hand, it is noted that all the stability conditions in the literature mentioned previously are membershipindependent and therefore conservative to different extents, since those conditions must be fulfilled for an arbitrary membership function. In fact, the region of attraction for fuzzy systems may be membership-dependent [18] , [19] , [30] , [35] , i.e., if some information of the membership functions in a region around the equilibrium is known, relaxed stability conditions may be derived. Therefore, much more attention has been devoted to obtain membership-dependent stability conditions (see [3] , [20] and references therein). For pioneer works in this area, see the results that are developed by common quadratic Lyapunov functions in [34] and references therein, where the knowledge of membership functions' shape is taken into account. In [38] , by defining a fuzzy Lyapunov function approach, improved stability criteria that depend explicitly on the upper bound of time derivative of membership functions are established. In the light of a null product item, results of [38] have been generalized in [26] . By utilizing the appropriate properties of the time derivatives of membership functions, further improved stability conditions with different conservativeness have been presented in [9] and [25] . Broadly speaking, these results obtained by fuzzy Lyapunov functions are less conservative than those ignoring the information of the membership functions. In view of this, a novel type of Lyapunov function is explored in [24] and [27] , where the function is given by a double parametrization. One is parameterized by the membership functions and the other is parameterized by the time derivatives of the membership functions. By this setting, the information that concerns the second time derivative of the membership functions becomes available to describe the time-varying characteristic of T-S fuzzy systems.
Therefore, properly using inherent information on the T-S fuzzy systems to construct a Lyapunov function and properly introducing LMI relaxations will lead to less conservative criteria. All the aforementioned observations motivate us to carry out this study. We propose a novel nonquadratic membership-dependent Lyapunov functions, which can be numerically solved for a given T-S fuzzy system to reduce the conservativeness compared with existing stability criteria.
In this paper, the problem of stability of T-S fuzzy systems in continuous-time domain will be investigated. The main contributions of this paper lie in that the so-called nonquadratic membership-dependent Lyapunov function, which is formulated in a high degree form of both the system states and the normalized membership functions, is proposed giving rise to less conservative and numerically easily verified stability criteria for T-S fuzzy systems. Moreover, it is also shown that the conservativeness of our conditions can be reduced if the degree of Lyapunov function increases. The rest of the paper is organized as follows. Section II recalls some definitions with respect to T-S fuzzy systems and reviews some useful existing works. In Section III, the existence conditions for the nonquadratic membership-dependent Lyapunov function are presented to ensure the stability of the underlying T-S fuzzy systems, and the relationships among these conditions are also discussed. Two numerical examples are given in Section IV to demonstrate the validity and less conservativeness of the obtained results. Finally, conclusions are presented in Section V.
Notations: In this paper, the notations used are fairly standard. A 0 and x 0 (or A 0, x 0) mean that all elements of matrix A and x are positive (or nonnegative); the notation P > 0(≥ 0) means that P is a real-symmetric and positive-definite (semipositive definite) matrix; R, R n , and R n ×n denote the field of real numbers, n-dimensional Euclidean space, and the space of n × n matrices with real entries, respectively; N + stands for the set of positive integers; x {m } is a base vector that contains all homogeneous monomials of degree m in x; I n is the identity matrix of order n; λ(A) are the eigenvalues of A; A ≡ [a ij ] n ×n , where a ij is the ith line and jth column entry of A; for a given vector v, v i (or (v) i ) stands for its ith entry; ϑ(n, m) 
II. PROBLEM FORMULATION AND PRELIMINARIES
The model that is proposed in [37] is described by fuzzy rules, which expresses local linear relations of a nonlinear system, and can be represented as follows:
where x(t) ∈ R n is the state vector; M i j is the fuzzy set; r denotes the number of model rules;
T is the premise variables vector, and each θ j (t) is a measurable time-varying quantity that may be states, measurable external variables, and/or time; and A i , i ∈ R, are real matrices with appropriate dimensions. By using a standard fuzzy inference method, that is, using a singleton fuzzier, and center-average defuzzier, a more compact presentation of the continuous-time T-S fuzzy model can be given bẏ
where h i (θ(t)) are the normalized membership functions
In this paper, it is assumed that the normalized membership function satisfies the following properties:
in what follows, h(θ(t)) will be denoted by h(t).
In this paper, on the basis of Lyapunov stability theory, we aim to develop less conservative stability conditions for T-S fuzzy system (2) by exploring a new Lyapunov function. Before proceeding, the following necessary definitions and lemmas are given, which will be used to develop our main results in this paper.
Definition 1 [8] :
where A is an n × n matrix. Then, A {m } is a ϑ(n, m) × ϑ(n, m) matrix that satisfies the following equation:
We extend Definition 1 for system (2) in the following. Definition 2: Considering system (2), we define that A {m } (h(t)) is a ϑ(n, m) × ϑ(n, m) matrix that satisfies the following equation:
Definition 3 [33] :
Proof: From Definition 1, it can be seen that A {m } depends linearly on A. Therefore, we can get (8) from Definition 2 and Lemma 1.
Lemma 3: Let A ∈ R n 1 ×n 2 and B ∈ R n 2 ×n 3 ; then, (AB)
Lemma 4: For given matrices
Remark 1: Note that Lemmas 3 and 4 can be trivially proved by some properties of Kronecker product [10] and standard matrix manipulations.
III. MAIN RESULTS
In this section, the following nonquadratic membershipdependent type of Lyapunov function is proposed to obtain the stability criteria for T-S fuzzy system (2):
where i ∈ {1, 2, . . . , ϑ(n, 2m)ϑ(r, z)} and w i (x(t), h(t)) are homogeneous forms of x(t) and h(t) with order 2m and z,
where a i , i ∈ {1, 2, . . . , 6}, are the real coefficients. Furthermore, we define the degree of the aforementioned Lyapunov function as (m, z). Therefore, based on Lyapunov's direct method, the main objective of this paper is to propose a numerical method to identify a i for system (2) , such that along the system solutions
Remark 2: By nonquadratic polynomial Lyapunov function to analyzing the stability of T-S fuzzy system, see [12] and [40] , where the Lyapunov functions are formulated in a high-order form of system state x(t) for a class of polynomial fuzzy system. However, different from [40] , the one in (9) is constructed by not only x(t), but also h(t) in their high orders. From a mathematical point of view, the Lyapunov function in (9), taking full advantage of the inherent information on the system, has the potential to improve the stability criteria, which will be discussed in more detail later on. Now, based on the new type of Lyapunov function proposed previously, we are in a position to present our main results in this paper.
Theorem 1: Consider the T-S fuzzy system (2), if there exist parameter vectors
where
are linear parameterization expressions of the matrices that represent a polynomial v(x(t), 2m, h(t), z) and its time derivative in h j , respectively, then there exists a nonquadratic type of Lyapunov function v(x(t), 2m, h(t), z), which guarantees that system (2) is asymptotically stable.
Proof: A sufficient condition for (10) is the existence of appropriately defined SOS [31] , [40] decompositions in x(t), which can be verified by the existence of a positive-definite matrix V(h(t)) (often called the Gram matrix [31] ) for any h(t), such that
where V(h(t)) is a matrix whose entries are homogeneous forms of h(t) with degree z. Then, by choosing a matrix V appropriately, we can rewrite (14) as
It is noted that the representation of matrix V describing v(x(t), 2m, h(t), z) is not unique. Let V be a symmetric matrix with variable entries; then, for a given polynomial v(x(t), 2m, h(t), z), by expanding the right-hand side of (15) and matching the corresponding coefficients, we can get linear constraints on the entries of V in a linear system, where the number of independent constraints is ϑ(n, 2m)ϑ(r, 2z). Therefore, a linear parameterization expression for the family of matrix V representing v(x(t), 2m, h(t), z) is obtained in the following:
) is a vector of free parameters. It follows that
It is, therefore, obvious that if (12) holds, v(x(t), 2m, h(t), z) > 0∀x(t) ∈ R n and ∀h(t) [defined in (3)]. On the other hand, (17) can be rewritten as follows:
Then, from (3), (4), (18), Definitions 2, 3, and Lemma 2, one hasv
and Y (h(t)) ∈ R ϑ(r,z )×r is a polynomial matrix in h(t) whose (i, j)th entry is given by
It is noted that both v 1 (η) and v 2 (η, h j ) are homogeneous forms of degree 2m in x(t) and degree z + 1 in h(t). Thus, one can find appropriate matrices
. . . , l},
Analogous to the procedure of (14)- (17), we can also get a linear parameterization
−ϑ(n, 2m )ϑ(r,2z +2) is a vector of free parameters. Equations (19)- (21) imply that (13) is sufficient for (11) .
Finally, we conclude that if (12) and (13) hold, there exists a Lyapunov function for system (2) in the form of (9) to ensure its stability, and the corresponding Lyapunov function of degree (m, z) can be obtained by (17) . This completes the proof.
Remark 3: A sufficient condition for the existence of nonquadratic membership-dependent Lyapunov function (9) is obtained in Theorem 1. It can be seen from the proof that the set of feasible solutions is the intersections of two affine subspaces (confined by the Lyapunov function and its time derivative, respectively) and two cones (confined by the corresponding positive-definite and negative-definite matrices, respectively).
Remark 4: It should be mentioned that a significant feature of the considered Lyapunov function is the higher order compositions of system state x(t) and normalized membership function h(t), compared with most existing ones in the literature, which enables us to take more freedom into the LMIs formulated in (12)- (13) with the growth of the degree of the Lyapunov function (9). However, a question naturally arises: Can the conservativeness of the stability conditions in Theorem 1 be reduced when the degree grows? The following Theorem gives an answer to this question.
Theorem 2: For given scalars m, z ∈ N + , if there exist parameter vectors η ∈ R ϑ(n,m )ϑ(r,z )(ϑ(n,m )ϑ(r,z )+1)/2−ϑ(n,2m )ϑ(r,2z ) λ j ∈ R ϑ(n,m )ϑ(r,z +1)(ϑ(n,m )ϑ(r,z +1)+1)/2−ϑ(n,2m )ϑ(r,2z +2) j ∈ {1, 2, . . . , l} such that (12) and (13) are satisfied, then for any scalar k ∈ N + , there exist parameter vectors
are linear parameterization expressions of the matrices representing a polynomialṽ(x(t), 2km, h(t), kz) and its time derivative in h j , respectively. Moreover, if (22) and (23) have a solution,ṽ(x(t), 2km, h(t), kz) is a Lyapunov function of degree (km, kz) ensuring the stability of the T-S fuzzy system (2) .
Proof: If (12) and (13) hold, it follows that
is a Lyapunov function of degree (m, z) guaranteeing the stability of system (2). Here, we particularly choosẽ
v(x(t), 2km, h(t), kz) = v k (x(t), 2m, h(t), z)
to be a Lyapunov function candidate. Then, Lemma 3 and (24) yieldṽ
It is noted that λ(V 1 (η)) > 0. Thus, by Lemma 4, one can get λ(V ⊗k 1 (η)) > 0, which implies thatṼ 1 > 0, i.e., there exists a vectorη such that (22) is satisfied.
On the other hand, followed by (19) , (21), (24) , Definition 3, and Lemma 3, one can geṫ
where the full rank matrix T 2 satisfies (26) shows that if (12) and (13) are satisfied, there existη andλ j such that (23) holds.
By Lemma 4, it is also clear that
Finally, it is straightforward to see from (25) and (26) that if (22) and (23) have a solution, thenṽ(x(t), 2km, h(t), kz) is a Lyapunov function ensuring the stability of the T-S fuzzy system (2) .
Remark 5: It should be noted from Theorem 2 that for a given T-S fuzzy system, if we can find a nonquadratic membershipdependent Lyapunov function of degree (m, z), then we can also find a Lyapunov function of degree (km, kz) assuring the stability of the underlying system. However, the converse is not true, which implies that increasing the orders of x(t) and h(t) in a Lyapunov function (9) simultaneously will relax the corresponding stability conditions obtained. Remark 6: It should be pointed out that the reduction of conservativeness is at the expense of increasing computational complexity since more LMI variables will be involved with the growth of the degree. Table I provides the relations between the numbers of LMI variables and degrees of Lyapunov functions for given parameters n = 2, r = 2, and l = 2. Another problem should also be noted that the system matrices and the parameters of Lyapunov functions in the conditions of Theorem 1 are coupled in a special manner, which is different from some common ones in the literature. This will bring some difficulty in dealing with controller design problems since this coupling is not easily decoupled by some standard LMI techniques used in the literature. Therefore, how to get an equivalent result that decouples the parameters of Lyapunov functions and the system matrices deserves further investigation in future work.
On the other hand, the observations in Remark 5 lead to another question: How do the stability conditions vary with the individual orders of x(t) and h(t)? This stimulates us to present the following result.
Theorem 3: For any given scalars m, z ∈ N + , if there exist parameter vectors
such that (12) and (13) are satisfied, then there exist parameter vectors
are linear parameterization expressions of the matrices representing a polynomialv(x(t), 2m, h(t), z + 1) and its time derivative in h j , respectively. Moreover, if (27) and (28) have a solution,v(x(t), 2m, h(t), z + 1) is a Lyapunov function of degree (m, z + 1) ensuring the stability of the T-S fuzzy system (2). Proof: As a special case, we can choosē
to be a Lyapunov function candidate, where v(x(t), 2m, h(t), z) is a Lyapunov function satisfying (12) and (13) . Then, we have that
where T 3 is a full rank matrix satisfying
In accordance with the similar development in Theorem 2, it can be seen from (29) that there exists a vectorη such that (27) is satisfied. On the other hanḋ
where T 4 is a full rank matrix that satisfies
. Therefore, there existη andλ j satisfying (27) and (28) 
Finally, from (29) and (30), it suffices that if (27) and (28) are feasible, thenv(x(t), 2m, h(t), z + 1) is a Lyapunov function ensuring the stability of the T-S fuzzy system (2), which completes the proof.
Remark 7: Note that for any given order m of x(t) in a Lyapunov function (9), Theorem 3 indicates that raising individually the h(t)'s order in (9) will accordingly improve the performance of the stability conditions. This highlights, again, the importance of the membership functions in stability analysis for T-S fuzzy systems in the sense of Lyapunov stability, which is indeed the reason why we formulate the Lyapunov function in the form of (9) .
Remark 8: We can conclude from Remarks 5 and 7 that the stability conditions will be relaxed by either increasing both orders of x(t) and h(t), or increasing the order of only h(t). Here, a quite meaningful question should be pointed out. For any fixed order of h(t), can the conservativeness of corresponding stability criteria be reduced by formulating higher degree Lyapunov functions in x(t) individually? Such a relation cannot be established theoretically and an example will demonstrate this point in the next section.
As two extreme cases, if the degrees of the Lyapunov function (9) are set as (1, 0) and (1, 1) , then the Lyapunov function (9) are reduced to the common quadratic Lyapunov function and fuzzy Lyapunov function, which can be equivalently expressed as
and
respectively. Then, based on these two types of Lyapunov functions, it is not hard to get the following two corollaries, respectively. Corollary 1: If there exists a symmetric matrix V ∈ R n ×n , such that, ∀i ∈ R, 
, which guarantees that system (2) is asymptotically stable.
Proof: Analogous to the proof of Theorem 1 and choosing η = 0 and λ j = 0, we can obtain that if (33) and (34) are satisfied, then
These indicate that if (33) and (34) are feasible, then
is a fuzzy Lyapunov function ensuring the asymptotic stability of the system (2), which completes the proof.
Remark 10: One can get from h j ∞ ≤ max i φ i , and (34) that for any symmetric matrices
Therefore, we can conclude from the aforementioned inequality that the conditions of [38, Th. 1] are sufficient for the criteria of Corollary 2, i.e., if there exist symmetric matrices V k > 0, k ∈ R such that the conditions of [38, Th. 1] are feasible, then (33) and (34) are feasible as well, but not vice versa.
IV. NUMERICAL EXAMPLE
We provide the following numerical examples in this section to verify our main results that are developed in this paper.
Example 1: Consider the system used in [5] and [25] , which has three rules and the following local matrices: 
The normalized membership functions are as follows: where ω 1 (x 1 (t)) = exp − 1 2
Next, for a ∈ [1, 10] , b ∈ [1, 50] , and ḣ i (t) ≤ 0.3, ∀i ∈ {1, 2, 3}, we will compare the stability regions 1 obtained by our approach and the ones obtained by other typical existing methods in the literature [4] , [9] , [16] , [24] , [25] , [26] , [32] , [38] . The comparison results are depicted in Figs. 1, 2, and 3 , by which the following conclusions can be drawn.
1) It can be seen from Fig. 2 Theorem 1 in our paper can yield larger stability regions than most existing methods.
3) It is shown in Fig. 3 that the stability region obtained in Theorem 1 can be enlarged by simultaneously increasing the degrees of x(t) and h(t) in the Lyapunov function candidate (see (1, 1), (2, 2) , and (3, 3), for example), which verifies Theorem 2. 4) It can be easily seen from Fig. 3 that the stability region obtained in Theorem 1 can be expanded by raising the degree of h(t) in the Lyapunov function candidate (see (1, 1), (1, 2) or (2, 2), (2, 3) or (3, 1), (3, 3) , for example), which verifies Theorem 3. 5) As we have mentioned in Remark 8, it can be also seen from Fig. 3 and Table II that there is no certain rule on the monotonicity in the variations of the stability regions as the degree of x(t) varies. For given parameters a = 10 and b = 40 (the corresponding system is stable, which cannot be testified out by existing methods other than Theorem 1 in our paper), the phase portrait of the underlying system is depicted in Fig. 4 , where the red curve is the state trajectory with x(0) = [−0.5, 0.4]. Example 2: Let us consider system (2) with two rules and the following local matrices [12] , [19] , [40] :
Our purpose here is to compare our results with those obtained by a polynomial Lyapunov function approach (but only in system state x(t)). As in [19] , the system is analyzed by the computation of k max for different φ i , i ∈ R, such that the stability is guaranteed for any 0 ≤ k ≤ k max . The comparison results are listed in Table III for the sixth-order polynomial Lyapunov functions in x(t). We get from Table III that the conservativeness can be further reduced by increasing the degree of h(t).
V. CONCLUSION
The stability problem for T-S fuzzy systems has been studied in this paper. As a first attempt, a class of nonquadratic membership-dependent Lyapunov functions for the underlying systems has been proposed, where the Lyapunov function candidate is formulated in polynomial forms in both the state x(t) and the normalized membership function h(t). Then, the membership-dependent conditions are developed for the existence of this new type of Lyapunov function for T-S fuzzy systems, such that the system is stable. The results are further verified to have less conservativeness with increased degrees of the Lyapunov function. Furthermore, it has been demonstrated that the stability criterion can be relaxed by individually increasing the order of h(t) for a fixed order of x(t) in the Lyapunov function. Numerical examples are provided to verify the advantages of the proposed approach, by comparisons with some existing results.
